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In this article, we make use of §-open sets to establish some topological concepts related to separation axioms and covering
properties and to propose novel topological rough set models. We first demonstrate that the classes of regular-open and §-open
subsets of a finite topological space are equivalent when this space has the property of 0(A) N9 (B) C0(AU B) for subsets A, B,
where d means the boundary topological operator. Then, we prove the equivalence between 6T; and T in the cases of i = 2,2(1/2)
and construct an illustrative example showing that §-topology is a proper class of an original topology in these two cases.With the
help of counterexamples, we demonstrate that a normal (resp., a regular) space is a stronger condition than §-normal (resp.,
&-regular) and show that every T';-space is 6T for each i = 3,4. We also reveal the relationships between the covering properties
studied herein (compactness, Lindelof, local compactness, and local Lindelof) and investigate some equivalences when the
topological space is 0T ,. Furthermore, we discuss how the introduced concepts behave in the spaces of product topology, box
topology, and sum topology. Finally, we set up a new framework for rough set models based on §-open sets and examine its
advantages and limitations in terms of retaining the characterizations of lower and upper approximations and increasing accuracy
measures. An algorithm is designed to determine whether a subset is §-definable or §-rough.
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1. Introduction

In classical topology, repeated applications of closure and
interior operators produce many diverse novel classes of
sets. Some of them expand the class of open sets such as
b-open and B-open sets [1], while few others shrink the
class of open sets such as regular-open, &-open, and
0-open sets. These classes of subsets represent one of the
significant research directions in general topology, as they
provide researchers with novel frameworks for studying
classical topological principles and related notions, such
as topological operators [2, 3], separation axioms [4, 5],

compactness and covering properties [6-8], connected-
ness [9, 10], and continuity [11, 12]. Also, some of these
classes have been applied to examine whether original
topologies have certain properties or not; to name a few,
the next properties:

e A topological space (U, 9) is hyperconnected iff a to-
pological space (U, 9°) is indiscrete, where 9° is a to-
pology generated by J§-open sets in 9.

e A topological space (U, 9) is connected iff a topological
space (U,9,) is connected, where 9, is a topology
generated by 0-open sets in 9.
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¢ A topological space (U,9) is regular iff 9 = 9.

e Every singleton subset of a topological space (U, 9) is
open or pre-closed.

In practical applications, researchers have increasingly
utilized these classes of open sets to address practical par-
adigms of information systems. For instance, Al-shami
[13, 14] demonstrated how we can employ somewhat
open sets and 0B-open sets to describe information systems
and offered a new instrument to deal with rough approxi-
mation operators. Salama [15] introduced new topological
rough set models inspired by some generalizations of open
sets, such as semi-open and regular-open sets and applied
them to determine infection with dengue. Due to these
applications, discussions of these classes have gained mo-
mentum in the last few years. In this regard, there are studies
that highlight the importance of topological structures and
motivate further investigation into their fundamental
properties. For instance, Kaur et al. [16] applied nano-
topological spaces with multi-ideals to diagnose and cure
dengue. Yan and Yu [17] suggested a model of topological
spatial relations for formal verification of geographic in-
formation systems in Coq.

The current work investigates new ideas and applica-
tions, all of which are defined by the class of §-open subsets,
introduced by Velichko [18] in 1966. In [18], Velichko first
familiarized the concept of §-cluster point and applied to
establish the class of §-closed sets and then he defined a §-
open set as the complement of a §-closed set. In 1980, Noiri
[19] discussed the concept of §-continuity and revealed its
relationships with some types of continuity, such as
d-continuity and strong &-continuity. Afterward, many
studies applied §-open and J-closed sets to initiate new
forms of topological notions and examine their properties.
Among these topological notions are semi-regularization
topologies [20], extremally disconnectedness [21], minimal
and maximal topologies [22], selection properties [23],
primal topologies [24], and continuity [25, 26]. Recently,
Roy et al. [27] have provided an equivalent definition for a §-
open set by using regular-open sets; that is, a set in a to-
pological space is known as §-open if it can be expressed as
a union of regular-open sets. It is well known that the core
idea of defining §-open set is the regular-open set which was
introduced by Stone [28] in 1937. He showed that the class of
regular-open sets in any topological space constitutes
a complete Boolean algebra; the join operation is given by
EVF =int(cI(EUF)), the meet is EAF = ENF, and the
complement is —E = int(E°). Regular-open and regular-
closed subsets have been exploited to investigate some to-
pological ideas, such as topological operators [29] and
covering properties [21].

The main contributions of this work are to describe
classical topological concepts using the class of §-open sets
and to explore their key features. This work studies strong
forms of separation axioms and covering properties and
provides interesting examples showing the relationships
between the concepts introduced herein and their coun-
terparts in original topological spaces. It is well known that
studying topological concepts through classes that are
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subsets of the open sets class is more challenging than
studying them through classes that are supersets of the open
sets class. However, we successfully reveal the interrelations
between the proposed concepts and construct counterex-
amples to demonstrate the invalidity of certain imple-
mentations. Additionally, we put forward a new rough set
model using §-open sets and demonstrate the advantages of
its induced rough approximation operators over those
generated by regular-open and semi-open sets. As we prove,
the proposed rough set paradigms keep all features of
Pawlak’s rough set model without needing extra re-
quirements, which reflects the convergence of rough set
theory and topology.

This paper is structured as follows. Section 2 reviews the
definitions and results that make this manuscript self-
contained as well as points out under which condition
the regular-open and §-open sets are equivalent and expands
some previous results. In Section 3, we investigate the main
properties of 6T; and build an elucidative example to show
that §-topology is a proper subset of an original topology in
the cases of i = 2,2(1/2) in spite of the equivalence between
0T; and T for i = 2,2(1/2). Afterward, in Section 4, we look
at the notions of compactness and Lindelofness inspired by
&-open sets and discuss the condition under which we obtain
some equivalences of these notions. In Section 5, we debate
how the introduced concepts behave in the spaces of product
topology, box topology, and sum topology. In Section 6, we
exemplify the significance of the class of §-open sets through
an instance that illustrates how it can be used to preserve the
properties of the original rough set model introduced by
Pawlak and then design an algorithm to determine whether
a subset is §-definable or §-rough. Ultimately, Section 7
concludes the manuscript with a summary and suggestions
for further work.

2. Preliminaries

In this section, we review some basic definitions and results
that are needed later. We also improve some previous re-
sults. Through this content, (U,9) and (V,0) refer to to-
pological spaces.

Definition 1 (see [28]). An open subset A of (U, 9) is named
a regular-open set if A =int(cl(A)). Its complement is
named a regular closed set; that is, A = ¢l (int(A)).

Definition 2 (see [18]). In a topological space (U, V), a point
u is called a §-cluster point of A CU provided that for every
open subset G of U containing u we have ANint(cl(G)) # &.
The set of all §-cluster points of A, denoted by cl;(A), is
called the §-closure of A. We call a subset A a §-closed subset
if A =cls(A), and its complement is called a §-open set.

In [27], it was proved the following result which provides
an equivalent condition for a §-open set.

Theorem 1. A subset A of (U,9) is a §-open set iff for each
point u € A there exists a regular-open set H satisfying that
ue HCA
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Thatis, A is a §-open set if and only if it equals the unions
of all regular-open subsets of it. Consequentially, A is a J-
closed set if and only if it equals the intersections of all
regular closed supersets of it.

Theorem 2 (see [19]). The class of §-open subsets of (U, 9)
constitutes a topology on U, denoted by 9°.

It is clear that 9° 9.

Theorem 3 (see [27]). If A and B are, respectively, &-open
and open subsets of (U,9), then ANB is a 6-open subset of
(B, 9).

Definition 3 (see [27]). In a topological space (U,9Y), a set
AcU is named:

i. §-compact provided that there is a finite subcover for
every cover of A by d-open subsets of U.

ii. Locally §-compact provided that for every u € A there
exist a §-open subset G and a §-compact subset F of U
such that u € G CF; that is, every point of A has a 6-
compact neighbourhood.

Theorem 4 (see [27])

i. A &-closed set in a &-compact space is §-compact.

ii. The classes of closed and 8-closed subsets of a regular
space coincide.

iii. The inverse image of a 6-open (resp., regular-open) set
under a bicontinuous mapping is also 8-open (resp.,
regular-open).

Remember that a mapping f: (U,9) — (V, 0) is called
bicontinuous [30] if it is continuous and open.

Definition 4 (see [31]). A topological space (U, 9) is said to
be:

i. T, if for every v#w € U, there exists a §-open
subset that contains v but not w, or contains w but
not v.

ii. 6T, if for every v#w € U, there exists a §-open
subset that contains v but not w, and a §-open subset
contains w but not v.

iii. 6T, (or &-Hausdorfl) if for every v#w € U, there
exist disjoint §-open subsets E and F containing v
and w, respectively.

Proposition 1 (see [31])
i. Every 6T ;-space is T; for i =0, 1.
ii. (U,9) is T, iff it is 0T,.

Definition 5 (see [30]). Given two topologies 9, and 9, on
aset U, 9, is said to be coarser (or weaker) than 9, if 9, € 9,.

Definition 6 (see [22]). (U,9) is said to be:
i. Minimal Hausdorff if 9 is Hausdorff and there exists
no Hausdorff topology on U strictly weaker than 9.

ii. Maximal compact if 9 is compact and there exists no
compact topology on U strictly stronger than .

Theorem 5 (see [32])
o A topological space (U,9) is maximal compact if and
only if the compact and closed subsets of U are identical.

o If (U,9) is compact Hausdorff, then it is both minimal
Hausdorff and maximal compact.

Definition 7 (see [19]). A mapping f: (U,9) — (V,0) is
said to be:
i. §-continuous if the inverse image of each §-open set is
§-open.

ii. §-open if the image of each §-open set is §-open.

Definition 8 (see [33]). (U,9) is said to be
i. Extremally disconnected if the closure of every open
set is open.

ii. Hyperdisconnected if there exist disjoint nonempty
open sets.

Definition 9 (see [34, 35]). A subset A of (U,9) is named
a pre-open (resp., semi-open) set if AcCint(cl(A))
(resp., Accl(int(A))). The complements of pre-open and
semi-open sets are, respectively, named pre-closed and semi-
closed sets.

Definition 10. (see [30]). If {(U;,9,): i € I} is a family of
pairwise disjoint topological spaces and U = U,;U;, then

9= {Gg Y U;: GNU,isanopensetin(U;,9;) for everyi € I},
1€
(1)

forms a topology on U, known as the sum topology.

In what follows, we explore under which condition the
union of two regular-open sets is regular-open. We benefit
from the next lemma that demonstrates the equivalent
properties between interior and boundary operators.

Lemma 1 (see [36]). Let A, B be subsets of (U,9). Then the
following properties are equivalent.
i. int(AUB) = int(A) Uint(B), and

ii. 0(A)NO(B) C0(AUB), where 0 refers to a boundary
operator.

Corollary 1. Let A and B be regular-open subsets of (U, 9)
such that 0(A)No(B)<d(cl(AUB)). Then (AUB) is
a regular-open set as well.
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Proof 1. Let A and B be subsets of (U,9). Then,
cl(AUB) =cl(A)ucl(B). It is well known that
0(cl(A)) c0(A) for any subset A, so the given condition
0(A)no(B)ca(cl(A)ucl(B)) implies that o(cl(A))N
0(cl(B))<o(cl(A)Ucl(B)). By Lemma 1, we get that
int(cI (AU B)) = int(cl(A)) Uint(cl (B)). By hypothesis that
A and B are regular-open subsets, we obtain
int(cI (AU B)) = AU B, which proves that AU B is a regular-
open set. O

Corollary 2. Let (U, 9) be a finite topological space such that
0(A)NO(B)CO(cl(AUB)) for every regular-open subsets
A, B of U. Then the concepts of regular-open and §-open sets
are equivalent.

Proof 2. It is a direct result of Corollary 1. O

Result 1 (see [27]). In (U,9), if A € 9, then int(cI(A)) is
regular-open.

We see that the condition A € 9 is superfluous, so we
represent this result as follows.

Proposition 2. Let A be a subset of (U, V). Then, int(cl(A))
is regular-open.

Proof 3. Similar to the proof of Result 1 of [27]. O

Corollary 3. Let A be a subset of (U,9). Then, cl(int(A)) is
regular closed.

Remark 1. Note that if A is semi-open, then
cl(A) = cl(int(A)). Therefore, cI(A) is regular closed which
implies that cl(A) = cl;5(A).

By Theorem 1, one can remark that the class of regular-
open subsets of a topological space (U,Y) structures a base
for a topology consisting of §-open subsets of U; this to-
pology is exactly 9°. By this note we obtain the following
result.

Proposition 3. A mapping f: (U,9) — (V,0) is §-con-
tinuous if the inverse image of each regular-open set is regular-
open.

Proof 4. Let E be a §-open subset of V. Therefore, it can be
expressed as a union of regular-open subsets B;; that is, black
E = U;yB. Now, f7H(E)= f(U;yB) = Ui (f7 (B)).
By hypothesis, f~! (B;) is a regular-open subset for each i, so
f71(E) is a §-open subset of U. This ends the proof that f is
d-continuous. O

3. §-Separation Axioms

In this segment, we define classical separation axioms in
terms of §-open and J-closed sets and discuss their main
properties as well as reveal the relationships between them
and the original ones.
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Definition 11. A topological space (U,9) is said to be:
i. 0T (1) if {v} is §-open or J-closed for every v € U.

ii. 8T,y if for every v#w € U, there exist §-open
subsets E and F containing v and w, respectively,
such that cl5(E)Ncly(F) = .

iii. §-regular if for every J-closed subset H and each
v ¢ H, there exist disjoint d-open subsets E and F
containing H and v, respectively.

iv. §-normal if there exist disjoint §-closed subsets H
and K and there exist disjoint §-open subsets E and F
containing H and K, respectively.

v. 6T (resp. 8T,) if it is both §-regular (resp., §-nor-
mal) and 6T.

Since the family of §-open subsets of (U,9) forms
a topology on U, the characterizations of classical T;-spaces,
regular, and normal spaces remain valid for 8T;-spaces,
0-regular, and &-normal spaces. That is, the following
proposition can be proved using similar approaches from
classical ~ topology. Therefore, we present them
without proof.

Proposition 4. A topological space (U,9) is:
i. 0T, iff {v} = N {E;: E; is a §-closed neighborhood of v}
for every v e U.
ii. 8-normal iff for each O-closed subset H and each

0-open subset F containing H, there exists a §-open
subset E such that HC ECclg(E)CF.

Proposition 5. The following are equivalent.
i. (U,9) is 6-regular;
ii. Foreachv € U such thatv € E € & there exists F € 9°
such that v € FCcls(F)CE.

iii. Every 8-open subset E can be expressed as
E= U{F: F e 9 andcl;(F)cE}. (2)

Proposition 6. If (U,9) is a &-regular space such that U is
finite, then (U, V) is 6-normal.

As the next example illustrates, the converse of Prop-
osition 6 does not hold in general.

Example 1. Let 9 = {&, {x}, {y}, {x, y}, U} be a topology on
U = {x, y,z}. One can prove that 9 = 9°. Note that there do
not exist disjoint nonempty &-closed subsets, so (U,9) is
d-normal. On the other hand, {z} is a &-closed set and
x ¢ {z}, but we cannot find disjoint §-open subsets; one of
them contains {z} and the other contains {x}; therefore,
(U, 9) is not §-regular.

In the following, we explore relationships between 9 and

9° under certain d-separation axioms, supported by illus-
trative examples.
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Proposition 7. If (U, 9) is 6T, such that U is not a singleton,
then (U,9) is dishyperconnected.

Proof 5. Tt follows from the fact that (U, 9°) is indiscrete iff
(U, 9) is hyperconnected. O

Lemma 2. If E and F are disjoint open subsets, then
int(cI(E)) and int(cl(F)) are disjoint too.

Proof 6. Since E and F are disjoint open subsets, we have the
following:

Encl(F) =3 = Enint(cl(F)) = &
= ¢l (E) Nint (cl (F)) )
- & = int(cl(E)) Nint (] (F)) = @.

Proposition 8

i. Every OT (15)-space is T (1.
ii. Every normal space is §-normal.

iii. Every regular is &-regular.

Proof 7. The proof of (i) is straightforward.

To prove (ii), take arbitrary disjoint J-closed subsets H
and K, so they are closed. By hypothesis, there are disjoint
open subsets E and F containing H and K, respectively.
Obviously, H € E Cint(cl(E)) and K C F Cint(cl(F)). Now,
int(cl(E)) and int(cl (F)) are §-open sets (by Proposition 2)
and disjoint (by Lemma 2). Hence, (U, 9) is §-normal.

The proof of (iii) follows directly from (ii) of
Theorem 4. O

The converse of results in Proposition 8 is not always
correct as the next counterexample illustrates.

Example 2. Let 9 be the co-finite topology on the set of real
numbers R. It is well known that (R, 9) is T',. In contrast, it
can be checked that 9° is the indiscrete topology on R.
Hence, (R, 9) is not §T,. Moreover, it can be seen that (R, 9)
is neither normal nor regular despite being §-normal and
d-regular.

Proposition 9. (U, 9) is T,y iff it is 6T, (1)

Proof 8. 1f (U, V) is 8T,y /), then by Remark 1, it follows that
cl(A) = cls(A) when A is open. Therefore, (U,9) is T, )
Conversely, let (U,9) be T,(). Then, by Remark 1,
cd(E)ncl(F) = ecs(E)ncly(F) = & for open subsets E
and F. Now, int(cl(E)) and int(cl(F)) are §-open and we
have int(cl(E)) Ccl(E) = cls(E) and int(cl(F)) ccl(F) =
cly (F). Hence, (U,9) is 0Ty, as required. O

Corollary 4. If (U, V) is regular, then the concepts of §T; and
T, are equivalent for each i. Moreover, 9 = .

Corollary 5. Every compact 8T,-space is T|.

Note that Proposition 9 and item (ii) of Proposition 1 do
not imply that 9° = 9. To ensure this important point, we
provide the next example.

Example 3. Let 9 be the usual topology on the set of real
numbers R. We prove that the family 6 = {AcR: A = E\F
such that E € 9 and F is countable is a topology on R. First,
every member G of the usual topology is a member of 8 since
G = G\@; that is, 9 ¢ 0, so R and & belong to 0. Second, let
{A;:i €1} <0, so there exist E; € 9 and a countable set F,
such that A; = E\F; for each i. Now, U;;A; = Uy
(E\F)) = U;gE\N;F;. Since U;yE; €9 and N, F; is
a countable set, we obtain U, ;A; € 6. Finally, let A}, A, € 6.
Then, A;NA, = (E\\F))N (E,\F,) = (E;NE,)\(F,UF,).
Since E,NE, €9 and F,UF, is a countable set, we get
A, NA, €0, as required. This ends the proof that (R, 0) is
a topological space. It can be observed the following points:

i. (R,0)isT),(, since 0 contains the usual topology 9.
ii. The set of irrational numbers Q° is an open subset of
0 since it can be expressed as Q° = R\Q.

iii. The closure of every open subset of Q°, except for the
empty set, is R which implies that all nonempty
subsets of Q° are not regular-open sets. So Q° is not
d-open.

Hence, 6° is a proper subset of 6.
Proposition 10. Every T;-space (U, 9) is 6T for eachi = 3, 4.

Proof 9. When i = 3, we obtain by (ii) of Theorem 4 that
a Ts5-space (U,9) is 8T5. O

When i =4, we obtain by (ii) of Proposition 8 that
a normal space (U,9) is §-normal. Now, since every
T,-space is T,, it yields from (ii) of Proposition 1 that (U, 9)
is 6T,. So that, (U,9) is 6T,. Hence, (U,9) is 6T,, as
required.

Example 3 shows that the converse of Proposition 10
need not be true in general.

Now, we investigate which condition guarantees that

9 =0.
Proposition 11. If (U, 9) is minimal T, then 9 = 9°.
Proof 10. In general, we have 9° 9. According to (i) of

Proposition 1, we have (U, 9) is T, iff (U, 95) is T,. Since 9 is
minimal T,, we obtain the equality between 9 and 9°. O

Proposition 12. If (U, 9) is regular, then 9 = 9°.

Proof 11. The proof is warranted by (ii) of Theorem 4. O

The converse of Propositions 11 and 12 is generally false
as the next counterexamples articulate.
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Example 4. Let 9={@,{x},{y,2},U} be a topology on
U = {x, y,z}. Obviously, (U, 9) is not T In contrast, it can

be checked that 9 = &°.

Example 5. Let 9 be the double origin topology on R U {x},
where R is the set of real numbers and x ¢ R. We know that
the base of 9 is regular-open subset, so every open subset of
(RuU{x},9) is §-open. Thus, 9 = 9. In contrast, (R U {x},9)
is not regular.

Remark 2. According to Example 1, we show that 9 = &°.
But (U,9) is not regular.

Proposition 13. Let (U, 9) be extremely disconnected. Then,
(U, 9) is regular iff 9 = 9.

Proof 12. The necessary part follows by the previous dis-
cussion. To prove the sufficiency, let G be an arbitrary open
subset. Then, G is d-open. Therefore, it can be written as
a union of regular-open sets; that is, G= U; 4, =
U ;esint(cl4;)). By hypothesis of extremally disconnected, we
get G = U ¢l (4A;). This implies that for each u € G there
exists an open subset A; such that u e A, Ccl(4;)<CG.
Hence, (U, 9) is regular. O

4. Covering Properties Generated by
8-Open Sets

In what follows, we discuss some properties of compact and
Lindelof spaces in terms of §-open set. First, we show the
interrelations between &-compactness and local §-com-
pactness with the help of examples, as well as determine
under which condition(s) they are equivalent.

Proposition 14

i. Every compact space is §-compact.

ii. Every 8-compact space is locally §-compact.

Proof 13. Straightforward. O

The converse of results given in Proposition 14 fails in
general as we point out in the following example.

Example 6. Let 9 be the particular point topology on the set
of real numbers R. It is well known that (R,9) is not

compact. In contrast, it can be checked that 9 is the
indiscrete topology on R. Hence, (R,9) is §-compact.

Example 7. Let 9 be the usual topology on the set of real
numbers R. It is well known that (R,9) is regular, so by

Proposition 12,we have 9 = 9° which means that (R,9) is
not §-compact. On the other hand, (R,9) is locally
§-compact.

Proposition 15. Let (U,9) be T,. Then,
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i. (U,9) is compact iff it is §-compact.
ii. (U,9) is locally compact iff it is locally §-compact.

Proof 14

i. The side “compactness implies J-compactness” is
given in Proposition 14. To prove the converse side,
let (U,9) be §-compact T,; then by Proposition 12,
(U, 9) is §-compact 6T,. Therefore, (U,9) is regular
which implies that 9 = 9°. Hence, (U, 9) is compact,
as required.

ii. Necessity: Let (U,9) be locally compact. Then, for
every u € U there exists an open subset G and
a compact subset F of U such that u € GCF. By
hypothesis of T,, F is closed, so u € int(cl(G)) CF.
Now, int (cI(G)) is §-open and F is §-compact; hence,
(U, 9) is locally §-compact. By the equivalence given
in (i) above, and the fact that every §-open is open, the
sufficient part is proved.

Note that Example 7 demonstrates that a locally
d-compact space is not §-compact even if the topological
space is Hausdorff. O

Proposition 16. If B is an open and 0-closed subset of
a locally 8-compact space (U,9), then (B,9g) is locally
d-compact.

Proof 15. Let (U,9) be locally d-compact and b€ BCU.
Then, there exists a §-open subset G and a §-compact subset
FofU such thatb e GC F,s0b € GNB < FNB. By Theorem
3, GNB is a §-open subset of (B,9;). Now, FNB is a §-
compact subset of (U,¥), so it is a §-compact subset of
(B,95) as well. Hence, we prove that (B,93) is locally
d-compact. O

To expand the previous covering properties, we furnish
the concepts of §-Lindel6f and locally §-Lindelof spaces.

Definition 12. A subset A of (U,9) is called:

i. 6-Lindelof provided that there exists a countable
subcover for any open cover of A by §-open subsets
of U.

ii. Locally §-Lindelof provided that for every u € A there
exist §-open subset G and §-Lindeldf subset F of U
such that u € G CF; that is, every point of A has a é-
Lindeldf neighbourhood.

I am not sure if there is a version of locally §-Lindelof
defined by open and Lindel6f subsets in the literature review.
So, we give its definition as follows.

Definition 13. A subset A of (U, 9) is called locally Lindel6f
provided that for every u € A there exist an open subset G
and a Lindelof subset F of U such that u € GCF; that is,
every point of A has a Lindel6f neighbourhood.
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One can easily note that a locally compact space is locally
Lindelof, but the converse is not true in general, as we show
in the following example.

Example 8. Let O be the complement countable topology on
the set of real numbers R. It can be seen that (R, 9) is locally
Lindelof because it is Lindelof itself. In contrast, this to-
pological space is not locally compact.

It is clear that every §-compact (resp., locally §-compact)
space is §-Lindelof (resp., locally §-Lindelof), whereas any
discrete topology on infinite countable set is §-Lindel6f but
not J§-compact. Also, double origin topology is second
countable, so it is locally §-Lindelof. In contrast, it is T, but
not locally compact; hence, it is not locally §-compact by (ii)
of Proposition 15.

The results obtained in Proposition 14 are still valid for
Lindelofness. Example 6 and the next one elucidate that the
converse of these results need not be true in the case of
Lindelofness too.

Example 9. It is known that every order topological space is
T'5. Take the order topology 9 on [0, w,). It can be checked
that ([0, w,),9) is not §-Lindel6f. On the other hand, every
order topological space is locally §-compact, so it is locally
0-Lindelof.

It worth noting that a §-Lindelof 6T',-space sometimes
fails to be a §-regular space as shown by a double origin
topological space.

Proposition 17. Every regular Lindelof space is 6-normal.

Proof 16. Since 9 = 9° under the condition of regularity, the
result is proved by following a similar approach of its
analogous result in general topology. O

To illustrate how &-open sets transition between to-
pologies related by inclusion, we first provide examples
showing that no relationship exists, in general. Then, we
demonstrate a sufficient condition that guarantees this
transition and use it to study &-compact and §-Lindel6f
spaces within these topologies.

Example 10. Let
9 = {2, {1} {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}, R},
9, = {2, {1} {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}, R\ {2}, R}
4)
be topologies on the set of real numbers R. Note that a subset

{1,3} is a d-open subset of (R,9,), but it is not a §-open
subset of (R,9,).

Example 11. Let 9, = {&, {1}, R} be a topology on the set of
real numbers R and 9, be the discrete topology on R.
Obviously, {1} is a §-open subset of (R, 9,), but it is not a §-
open subset of (R,9,).

Theorem 6. Let 9, and 9, be topologies on U such that
9, €9, and 9, is extremally disconnected. If A is a §-open
subset of (U,9,), then it is a §-open subset of (U,9,).

Proof 17. Let A be a §-open subset of (U,9,). Since 9, is
extremally  disconnected, A= intg, (6191 (A)) = Clsl (A).
Therefore, A is a clopen subset of (U, 9,). Since 9, €9,, we

obtain A is a clopen subset of (U, 9,), which means that A is
a 6-open subset of (U, 9,). O

Corollary 6. Let 9, and 9, be topologies on U such that
9,€9, and 9, is extremally disconnected. If (U,9,) is
d-compact (resp., 6-Lindeldf), then (U,9,) is &-compact
(resp., 8-Lindelof).

The converse of the above proposition and corollary is
not true as the next example shows.

Example 12. Tt can be seen from Example 11 that (R, 9,) is
extremally disconnected and §-compact, whereas (R, 9,) is
not &-Lindelof.

Now, we investigate the strong types of the
previous ones.

Definition 14. A subset A of (U,9) is called strongly locally
§-compact (resp., strongly locally §-Lindelof) provided that
for every u € A there exists a §-open subset G containing u
such that ¢l (G) is §-compact (resp., §-Lindelof).

Proposition 18. Every strongly locally compact (resp.,
strongly locally Lindeldf) is strongly locally §-compact (resp.,
strongly locally 8-Lindelof).

Proof 18. Let (U,9) be strongly locally compact. Then, for
every u € U there exists an open subset G containing u such
that ¢/ (G) is compact. Now, int(cl/(G)) is a -open subset
containing u. Since cl(int(cl(G))) is a closed subset of
a compact set cl(G), we obtain that ¢l (int(cl(G))) is also
a compact subset. So, it is §-compact. Hence, we obtain a §-
open subset int(cI(G)) and a §-compact subset
cl(int(cl(G))) such that u € int(cl(G)) Ccl(int(cl(QG))),
which ends the proof that (U,9) is strongly &-locally
compact. O

By following a similar argument, one can prove the case
between parentheses.

Corollary 7. Every strongly locally §-compact (resp., strongly
locally §-Lindelof) is locally &-compact (resp., locally
&-Lindelof).

In Example 6, we proved that (R, 9°) is 8-compact. So, it
is strongly locally 6-compact. On the other hand, it can be
seen that the closure of any open subset is R, which is not
Lindelof. This implies that we cannot find an open subset G
containing the particular point such that cI(G) is Lindel6f.
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This shows that the converse of Proposition 18 is
generally false.

5. Behaviors of §-Separation Axioms and
§-Covering Properties via Some Topologies

In the rest of this section, we shall investigate how the
previous concepts behave under some topologies that are
generated from old ones such as product, box, and sum
topologies.

Remark 3. It is well known in the product spaces
(TLiefUs» T) of general topology that cI ([ T;c;A4;) = [Tiescl (4;)
and int ([ [;;4;) €[ Lie/int (4;). The equality int([[;;4;) =
[Tic;int (A;) holds in case of I is finite or A; = X, for all but
finitely many i. According to these facts, we conclude that
the finite product of §-open sets is &-open, whereas this
property need not be true under infinite product of spaces.
On the other hand, both distributive properties ¢l ([ [;c;A;) =
[Ticrcl (A;) and int(][;c;4;) = [Liezint (4;) hold true under
box topological space even if I is infinite.
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By the above remark, we have the next results.

Proposition 19

i. A subset [[;c;A; of the finite product of spaces
(I LU T) is S-open iff each A; is a §-open subset of
U, 1)

ii. A subset [[;c;A; of the box topological space
(I LUy T) is S-open iff each A, is a 8-open subset of
U, ;).

Item (i) of the above proposition is not true in the case of
an infinite index set as articulated in the following example.

Example 13. Let (R,,9,) be the usual topological space for
each n e N and let (J[,nR,T) be the product of these
topological spaces, where N is the set of natural numbers. By
taking the open interval set (1, 3), we obtain that

int(cl((1,3) x (1,3) x-+--x (1,3) x---)) =int([1,3] x [1,3] x--- %X [1,3] x--+) = &, whereas

int(cl(1,3)) xint(cl(1,3)) x --- x int(cl(1,3)) X --- =

Proposition 20

i. The product topological space is a §T;-space iff each one
of the topological spaces is 6T, where i =0, (1/2),
1,2,2(1/2),3.

ii. The box topological space is a 6T;-space iff each one of
the topological spaces is OT; where i=0,(1/2),
1,2,2(1/2),3.

Proof 19

i. In the cases of i = 2,2(1/2), the proof follows from the
equivalent between 6T; and their classical ones in
general topology. And the proof of the cases of i =
0, (1/2),1 is straightforward.

ii. It follows from (ii) of Proposition 19. O

Proposition 21

i. The product topological space (finite box topological
space) is §-compact iff each one of the topological
spaces is §-compact.

ii. The finite product topological space is locally §-com-
pact iff each one of the topological spaces is locally
d-compact.

iii. The box topological space is locally 5-compact iff each
one of the topological spaces is locally 6-compact

(5)
(1,3) x (1,3) x++-x (1,3) X ---.

Proof 20. It can be obtained from (ii) of Proposition 10 and
the analogous results in general topology. O

It should be noted that if the index set is infinite, then the
box topological space need not be §-compact even if each
one of the topological spaces is §-compact.

The aforementioned proposition is not true in the case of
&-Lindel6f as shown by classical example of lower or upper
limit topology (Sorgenfrey plane). In [37], it was proved that
Sorgenfrey plane is not normal. On the other hand, it is 6T';.
Hence, this example also demonstrates that the product of
d-normal spaces is not always d-normal, which automati-
cally means that the product of §T,-spaces is not 67T, in
general.

Remark 4. Topologists prefer product topologies since in
contrast to the box topology, it preserves important prop-
erties such as compactness and connectedness.

It remains to look at how the previous concepts inspired
by J-open sets behave in the spaces of sum topology.
We need the following lemma.

Lemma 3. Let A be a subset of a sum topological space
(®;c;U;» @i Y). Then,

i. int(A) = U,int; (ANU,).

ii. cl(A) = Ujcl; (ANU).
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Proof 21. Straightforward. O

Proposition 22. A subset A of a sum topological space
(®;c;U;, ®,c19) is 6-open (resp., §-closed) if and only if ANU;
is §-open (resp., 8-closed) for each i.

Proof 22. = Since A is a §-open subset of (&;.;U;, ®;c;9),
int(cl(A)) = A= U;;;(ANU,). This means that

1nti<cli(iL€JIAﬂUi>) =u (ANU,)). (6)

By the definition of sum topology, U; NUj = & for each
i# j, so the family {ANU;: i € I} is pairwise disjoint; thus,
int; (cl; (U;c;ANU,)) = U,int; (cl; (ANU;)) for each i. By
pairwise disjointness of {int;(cl;(ANU,)): i€ I}, we get
from (1) that int; (cl;(ANU;)) = (ANU,) for each i.

&: Let ANU, be a §-open subset of (U}, ;) for each i;
that is, int; (cl;(ANU;)) = (ANU;) for each i. This auto-
matically leads to that U, int; (c/;(ANU;)) = U, (ANU,).
By pairwise disjointness of {int; (cl;(ANU,)): i € I}, we get
int; (cl; (U;; (ANU)))) = U, (ANU;). Again, by (1), we
obtain int(cl(A)) = A, which finishes the proof. O

Proposition 23. A sum topological space (®;c;U;, ®;¢9) is

i. 8T; if and only if (U;,9;) is 8T; for each i.

ii. 8-compact (resp., 0-Lindeldf) if and only if I is finite
(resp., countable) and (U;,9;) is §-compact (resp.,
8-Lindelof) for each i.

iii. Locally 8-compact (resp., locally §-Lindeldf) if and
only if (U,9;) is locally §-compact (resp., locally
8-Lindelof) for each i.

iv. Strongly locally §-compact (resp., strongly locally
8-Lindelof) if and only if (U;,9;) is strongly locally
d-compact (resp., strongly locally §-Lindeldf) for
each i.

6. An Application of §-Open Sets in Generating
Information Systems

In this part, we shall make use of the class of §-open sets to
create new rough set models. To be familiar with this topic,
we recall the definition of right neighbourhood (briefly,
r-neighbourhood).

Definition 15. Let p be a binary relation on a nonempty set
U. The r-neighbourhood of an element u € U is given by

N, (u)={veU: (u,v)€p} (7)

Definition 15 was exploited to initiate a topology on U as
follows (for more details, see [38]):

B = {N, (u): foreachu € U} isasubbase foratopology onU.
(8)

Due to the close similarity between topological operators
(interior and closure) and rough approximation operators
(lower and upper), topology, built by (8), has been applied to
describe rough set models using topological concepts. The
confirmed and possible knowledge obtained from given set
of data A is known in rough set theory as lower approxi-
mation L(A) and upper approximation T (A), respectively.
We measure these approximations using interior and clo-
sure topological operators, which represents their
topological counterparts; that is, L(A)=int(A) and
T (A) = cl(A).

To extend the applicability of topological methods in
rough set theory, researchers have utilized superclasses and
subclasses of topology to characterize rough approximation
operators. One of the desirable characteristics of these
models is to preserve the distributive properties of union and
intersection of subsets under lower and upper rough ap-
proximations, which is due to the fact that the class of §-open
sets constructs a topology. As a matter of fact, these
properties are missing for rough set models inspired by most
generalizations of open sets like semi-open and pre-open
sets, or by some subclasses of open sets like regular-open
sets. On the other hand, the accuracy measure computed
from the proposed models decreases for some subsets
compared to the existing one. However, the proposed
models will be better than some other models inspired by
some classes of sets such as clopen and regular-open subsets.
Since the topology produced by the Pawlak model is a clopen
topology, using open sets in granular computing is not
different from using §-open sets in such a model.

To illustrate these facts, we provide the next example.

Example 14. Let p = {(v,v), (w, w), (x,v), (x,w)} be a bi-
nary relation on U = {v,w,x}. Then, by (2), we have
N, () ={v}h, H,(w) = {w}, and F, (x) = {v,w}. According
to (3), 9 = {&, {v}, {w}, {v, w}, U} is a topology on U. Now, we
explore rough set models inspired by the classes of clopen,
regular-open, §-open, and semi-open subsets of (U,J).
Theses classes are, respectively, given in the following:

class of clopen subsets CO (U, 9) = {&, U},
class of regular-open subsets RO (U, 9) = {&, {v}, {w}, U},
class of §-open subsets O (U, 9) = {&, {v}, {w}, {v, w}, U} =9,
class of semi-open subsets SO (U, 9) = SU {{v, x}, {w, x}}.

)
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TaBLE 1: Lower and upper approximations inspired by the classes of CO, RO, §O, and SO.

Classes co RO 80 SO

AcU L,(A) T, (A) L, (A) T,,(A) Ly, (A) Ts, (A) L, (A) T, (A)

{v} o U v v} {v, x} v} v}

{w} o U {w} {w, x} {w} {w, x} {w} {w}

{x} %) U & %) {x} 1%} {x}

{v,w} 1%} U {v,w} {v,w} U {v,w} U

{v, x} o U v} {v, x} v} {v, x} {v, x} {v, x}

{w, x} ) U {w} {w, x} {w} {w, x} {w, x} {w, x}

. for all x e U do
Compute S/, (x)
end

. for each set A in 9 do
Compute cl(A);
Put cl(A) = B;
Compute int(B)

10. end

© N U R W

0

12. for each set A in 9° do
13.  Compute ints(A);

14. Put L&) (A) = int(; (A);
15.  Compute cls(A);

16. Put T(So (A) = Cla (A),
17. if Lﬁo (A) = T50 (A) then

Input: A binary relation p over the universal set U.
Output: Classify a subset as §-definable or §-rough.
. Determine a binary relation p over U;

. Construct a topology 9 on U by a formula given in formula (8);

11. Write 9° = {@,U, A: A = int(B)};

18. return A is a §-definable set
19. else

20. A is a §-rough set

21. end

22. end

ALGORITHM 1: Determination of whether a subset is §-definable or §-rough.

The lower and upper approximations are calculated with
respect to these classes by using the following formulas:

L,(A) = U{GCU: GCAandG € CO(U,9)},T,, (A) = n
L,,(A) = U{GSU: GCAandG € RO(U,9)},T,,(A) = N
Ls, (A) = U{GCSU: GS AandG € 60 (U, 9)}, T, (A) = N{F

FcU: ACFandF* € CO(U,9)},
FcU: ACFandF° € RO(U,9)},
CcU: ACFand F® € 60(U,9)},

{
{

(10)

L,(A)= U{GCU: GCAandG € SO(U,9)}, T, (A) = Nn{FcU: ACFand F* € SO (U, 9)}.

Now, we calculate the lower and upper approximations
inspired by these classes in Table 1.

On the one hand, one can see from Table 1 that
Lg, ({v, x} n{w, x}) = Ly, ({x}) = @ < L, ({v, x}) N L, (fw, x}) = {x}
and T, ({(vhU T, ({w}) = {v,w} T, ({v,w}) =U. That is,
the rough set models inspired by the class of SO do not
satisfy the distributive properties of union and intersection

of subsets under lower and upper rough approximations.
But, this property is satisfied by the rough set models in-
spired by the class of §O. On the other hand, according to the
computations given in Table 1, one can see that the con-
firmed knowledge obtained by the class of §O strictly lies
between the classes of CO and SO; that is, the lower ap-
proximation generated by the class of 6O is greater than its
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counterpart inspired by the class of CO and less than its
counterpart inspired by the class of SO. We conclude from
this discussion that the rough set models induced from the
class of §O have two advantages: first, preserve the properties
of the standard model of Pawlak, and second remove or
reduce uncertainty more than some subclasses of open
subsets such as clopen and 6-open subsets.

Remark 5. We draw the reader’s attention to the fact that
there are other formulas applied to describe rough ap-
proximation operators utilizing topological methods, such
as those proposed by Salama and Abd El-Monsef [39] as
follows:

9={AcU: ¥, (u)c Aforeachu € A}isatopology onU.
(11)

According to the binary relation given in Example 14,
the topology generated by the method of (11) is the same as
the topology given in Example 14 that is created by the
method in (8). Thus, the classes of clopen, regular-open,
d-open, and semi-open subsets are not changed. Hence,
these computations validate the aforementioned advantages
of §-open subsets in the topological characterization of
rough set models.

Definition 16. A subset A of (U, ) is said to be §-definable if
Ls, (A) = T, (A). Otherwise, A is said to be a §-rough set.

According to Example 14, all subsets are d-rough.
We examine whether a subset is §-definable or §-rough
following steps given in Algorithm 1.

7. Conclusions and Future Work

In topology, generalizations of open sets are important
concepts that are routinely applied and have significant
influence across diverse scientific and engineering domains.
This article enriches the existing literature on novel topo-
logical properties by using a new category of open sets,
namely, §-open sets. This study provides new examples and
characteristics, enhancing our overall comprehension of
topological spaces. This paper delves into five research di-
rections illustrated in the following:

i. Discuss the main properties of 6T; and explore the
sufficient condition to obtain the identity between
topology and §-topology under some of these axioms.

ii. Study some covering properties inspired by §-open
sets such as §-compact and §-Lindelof spaces.

iii. Elucidate how the given concepts of separation ax-
ioms and covering properties behave in product
topology, box topology, and sum topology.

iv. Structure some illustrative counterexamples to illu-
minate the obtained relationships.

v. Illustrate how we can benefit from the class of §-open
subsets to analyze and describe approximation spaces
of information systems. The convergence of rough set
theory and topology has been demonstrated by

11

proving the validity of all properties of Pawlak’s
rough set model within the framework defined by
§-open sets, without requiring additional conditions.

We draw the readers’ attention to the fact that the to-
pological space generated by §-open sets does not yield new
results for the fixed-point theorem. This is because the
obtained results rely on the conditions of compactness and
Hausdorffness, which we have proven to be sufficient to
establish the equivalence between the topology and §-to-
pology. Even in terms of the size of the J-topology, the
conditions of compactness and Hausdorflness imply regu-
larity, leading to the equality between the topology and
é-topology, as articulated in this study.

It is evident from the published literature that uncertain
types of topology, such as fuzzy and soft topologies, are vital
tools for addressing various challenges we encounter in
different real-life situations. Therefore, in future research, we
believe it would be beneficial to explore the proposed
concepts in fuzzy and soft settings and investigate their
potential applications.

Data Availability Statement

No data were used in the manuscript.

Conflicts of Interest

The authors declare no conflicts of interest.

Funding

This work was supported by the Deanship of Scientific
Research, Vice Presidency for Graduate Studies and Sci-
entific Research, King Faisal University, Saudi Arabia (Grant
No. KFU250769).

Acknowledgments

The authors acknowledge the Deanship of Scientific Re-

search at King Faisal University for their financial support.
The authors declare that they have not used artificial

intelligence tools in the creation of this article.

References

[1] M. E. Abd El-Monsef, S. N. El-Deeb, and R. A. Mahmoud,
“B-Open Sets and f-Continuous Mappings,” Bulletin of the
Faculty of Science Assiut University 12 (1983): 77-90.

[2] T. M. Al-shami, “Somewhere Dense Sets and ST;-spaces,”
Punjab University Journal of Mathematics 49, no. 2 (2017):
101-111.

[3] K. Singh and A. Gupta, “Semi-Delta-Open Sets in Topological
Space,” Boletim da Sociedade Paranaense de Matematica 42
(2024): 1-9, https://doi.org/10.5269/bspm.62837.

[4] A. A. Azzam and A. A. Nasef, “a-Completely Regular and
Almost a-Completely Regular Spaces,” Mathematical Prob-
lems in Engineering 2022 (2022): 1-6, https://doi.org/10.1155/
2022/4157466.

[5] S.E.Han, “Hereditary Properties of Semi-Separation Axioms
and Their Applications,” Filomat 32, no. 13 (2018): 4689-
4700, https://doi.org/10.2298/fi1181368%h.

95UD17 SUOWILLOD aAIERID 3|qeal|dde au Aq pausenob ale sepiLe VO ‘8sn Jo sl 1o Akeiqi]auluo A3[IA\ UO (SUONIPUOD-pUe-SWLR) W0 AB 1M Afelq 1 puluO//SdNy) SUONIPUOD pUe SWie | 8Y) 89S *[520z/80/20] U0 AReid17auluO A8IM *TdN LeUIH Uswe A AQ OEF0668/WO/SSTT OT/I0P/L00" A8 IM Aleq1jpuljuoy/:sdiy woly papeojumoq ‘T ‘G202 ‘69T


http://doi.org/10.5269/bspm.62837
http://doi.org/10.1155/2022/4157466
http://doi.org/10.1155/2022/4157466
http://doi.org/10.2298/fil1813689h

12

[6] S. A. Ghour and W. Zareer, “Omega Open Sets in Generalized
Topological Spaces,” Journal of Nonlinear Sciences and Ap-
plications 09, no. 05 (2016): 3010-3017, https://doi.org/
10.22436/jnsa.009.05.93.

[7] T. M. Al-shami and T. Noiri, “Compactness and Lindelofness
Using Somewhere Dense and cs-dense Sets,” Novi Sad Journal
of Mathematics 52, no. 2 (2021): 165-176, https://doi.org/
10.30755/nsjom.12283.

[8] L. D.R. Kotinac, “Variations of Classical Selection Principles:
An Overview,” Quaestiones Mathematicae 43, no. 8 (2020):
1121-1153, https://doi.org/10.2989/16073606.2019.1601646.

[9] T. M. Al-shami, A. Rawshdeh, H. Al-jarrah, and A. Mhemdi,
“Connectedness and Covering Properties via Infra Topologies
with Application to Fixed Point Theorem,” AIMS Mathe-
matics 8, no. 4 (2023): 8928-8948, https://doi.org/10.3934/
math.2023447.

[10] S. Jafari and T. Noiri, “Properties of p-connected Spaces,”
Acta Mathematica Hungarica 101, no. 3 (2003): 227-236,
https://doi.org/10.1023/b:amhu.0000003907.90823.79.

[11] S. Al Ghour and B. Irshidat, “On 6,,-continuity,” Heliyon 6, no. 2
(2020): €03349, https://doi.org/10.1016/j.heliyon.2020.e03349.

[12] A.A.Nasefand A.I. El-Maghrabi, “Further Results on pre-T) ,-
spaces,” Journal of Taibah University for Science 2, no. 1 (2009):
62-68, https://doi.org/10.1016/s1658-3655(12)60008-9.

[13] T. M. Al-shami, “Topological Approach to Generate New

Rough Set Models,” Complex & Intelligent Systems 8, no. 5

(2022):  4101-4113,  https://doi.org/10.1007/s40747-022-

00704-x.

M. Hosny and T. M. Al-shami, “Employing a Generalization of

Open Sets Defined by Ideals to Initiate Novel Rough Ap-

proximation Spaces with a Chemical Application,” European

Journal of Pure and Applied Mathematics 17, no. 4 (2024):

3436-3463, https://doi.org/10.29020/nybg.ejpam.v17i4.5392.

[15] A.S.Salama, “Generalized Topological Approximation Spaces

and Their Medical Applications,” Journal of the Egyptian

Mathematical Society 26, no. 3 (2018): 412-416, https://

doi.org/10.21608/joems.2018.2891.1045.

K. Kaur, A. Gupta, T. M. Al-shami, and M. Hosny, “A New

Multi-Ideal Nano-Topological Model via Neighborhoods for

Diagnosis and Cure of Dengue,” Computational and Applied

Mathematics 43, no. 7 (2024): 400, https://doi.org/10.1007/

s40314-024-02910-4.

[17] S. Yan and W. Yu, “Formal Verification of a Topological
Spatial Relations Model for Geographic Information Systems
in Coq,” Mathematics 11, no. 5 (2023): 1079, https://doi.org/
10.3390/math11051079.

[18] N. V. Velicko, “H-Closed Topological Spaces,” Matema-
ticheskii Sbornik 112, no. 1 (1966): 98-112.

[19] T. Noiri, “On §-continuous functions,” Journal of the Korean
Mathematical Society 16 (1980): 161-166.

[20] N. Alfarsi, D. Abuzaid, and L. Kalantan, “Semi-Regularization
Topological Spaces,” European Journal of Pure and Applied
Mathematics 15, no. 3 (2022): 821-829, https://doi.org/
10.29020/nybg.ejpam.v15i3.4386.

[21] C. Dorsett, “New Characterizations of Regular Open Sets,
Semi-Regular Sets, and Extremally Disconnectedness,”
Mathematica Slovaca 45, no. 4 (1995): 435-444.

[22] D. E. Cameron, “Maximal and Minimal Topologies,” Trans-
actions of the American Mathematical Society 160 (1971):
229-248, https://doi.org/10.2307/1995802.

[23] L. Kocinac D R, “Generalized Open Sets and Selection
Properties,” Filomat 33, no. 5 (2019): 1485-1493, https://
doi.org/10.2298/i11905485k.

[14

[16

Journal of Mathematics

[24] M. Ozkog and B. Késtel, “On the Topology r° of Primal
Topological Spaces,” AIMS Mathematics 9, no. 7 (2024):
17171-17183, https://doi.org/10.3934/math.2024834.

[25] E. Ekici, “On Almost Continuity,” Kyungpook Mathematical
Journal 46 (2006): 119-130.

[26] C. Ozel, M. A. Al Shumrani, A. K. Kaymakci, C. Park, and
D. Y. Shin, “On 8b-Open Continuous Functions,” AIMS
Mathematics 6, no. 3 (2021): 2947-2955, https://doi.org/
10.3934/math.2021178.

[27] S.Roy, S. Mondal, S. S. Roy, and B. Mandal, “A Study on Delta
Compact Spaces,” https://arxiv.org/abs/2304.06722.

[28] M. Stone, “Application of the Theory of Boolean Rings to
General Topology,” Transactions of the American Mathe-
matical Society 41 (1937): 374-481.

[29] D. Jankovi¢ and C. Konstadilaki, “On Covering Properties by
Regular Closed Sets,” Mathematica Pannonica 7 (1996):
97-111.

[30] R. Engelking, General Topology (Heldermann Verlag, 1989).

[31] D. N. Georgiou, S. Jafari, and T. Noiri, “Properties of (A,
§)-Closed Sets in Topological Spaces,” Bollettino U. M. 1. 8,
no. 7-B (2004): 745-756.

[32] N. Smythe and C. A. Wilkins, “Minimal Hausdorft and
Maximal Compact Spaces,” Journal of the Australian Math-
ematical Society 3, no. 2 (1963): 167-171, https://doi.org/
10.1017/51446788700027907.

[33] L. A. Steen and J. A. Seebach, Counterexamples in Topology

(Dover Publications INC, 1995).

A.S. Mashhour, M. E. Abd El-Monsef, and S. N. El-Deeb, “On

Pre-continuous and Weak Precontinuous Mappings,” Pro-

ceedings of the Mathematical and Physical Society of Egypt 53

(1982): 47-53.

N. Levine, “Semi-Open Sets and Semi-Continuity in Topo-

logical Spaces,” American Mathematical Society 70 (1963):

36-41.

[36] S.-M. Jung and D. Nam, “Some Properties of Interior and
Closure in General Topology,” Mathematics 7 (2019): 624,
https://doi.org/10.3390/math7070624.

[37] A. St. Arnaud and P. Rudnicki, “Some Properties of the

Sorgenfrey Line and the Sorgenfrey Plane,” Formalized

Mathematics 21, no. 2 (2013): 83-85, https://doi.org/10.2478/

forma-2013-0009.

E. F. Lashin, A. M. Kozae, A. A. Abo Khadra, and T. Medhat,

“Rough Set Theory for Topological Spaces,” International

Journal of Approximate Reasoning 40, no. 1-2 (2005): 35-43,

https://doi.org/10.1016/].ijjar.2004.11.007.

[39] A.S. Salama and M. M. E. Abd El-Monsef, “New Topological
Approach of Rough Set Generalizations,” International
Journal of Computer Mathematics 88, no. 7 (2011): 1347-1357,
https://doi.org/10.1080/00207160.2010.499455.

(34

[35

[38

95UD17 SUOWILLOD aAIERID 3|qeal|dde au Aq pausenob ale sepiLe VO ‘8sn Jo sl 1o Akeiqi]auluo A3[IA\ UO (SUONIPUOD-pUe-SWLR) W0 AB 1M Afelq 1 puluO//SdNy) SUONIPUOD pUe SWie | 8Y) 89S *[520z/80/20] U0 AReid17auluO A8IM *TdN LeUIH Uswe A AQ OEF0668/WO/SSTT OT/I0P/L00" A8 IM Aleq1jpuljuoy/:sdiy woly papeojumoq ‘T ‘G202 ‘69T


http://doi.org/10.22436/jnsa.009.05.93
http://doi.org/10.22436/jnsa.009.05.93
http://doi.org/10.30755/nsjom.12283
http://doi.org/10.30755/nsjom.12283
http://doi.org/10.2989/16073606.2019.1601646
http://doi.org/10.3934/math.2023447
http://doi.org/10.3934/math.2023447
http://doi.org/10.1023/b:amhu.0000003907.90823.79
http://doi.org/10.1016/j.heliyon.2020.e03349
http://doi.org/10.1016/s1658-3655(12)60008-9
http://doi.org/10.1007/s40747-022-00704-x
http://doi.org/10.1007/s40747-022-00704-x
http://doi.org/10.29020/nybg.ejpam.v17i4.5392
http://doi.org/10.21608/joems.2018.2891.1045
http://doi.org/10.21608/joems.2018.2891.1045
http://doi.org/10.1007/s40314-024-02910-4
http://doi.org/10.1007/s40314-024-02910-4
http://doi.org/10.3390/math11051079
http://doi.org/10.3390/math11051079
http://doi.org/10.29020/nybg.ejpam.v15i3.4386
http://doi.org/10.29020/nybg.ejpam.v15i3.4386
http://doi.org/10.2307/1995802
http://doi.org/10.2298/fil1905485k
http://doi.org/10.2298/fil1905485k
http://doi.org/10.3934/math.2024834
http://doi.org/10.3934/math.2021178
http://doi.org/10.3934/math.2021178
https://arxiv.org/abs/2304.06722
http://doi.org/10.1017/s1446788700027907
http://doi.org/10.1017/s1446788700027907
http://doi.org/10.3390/math7070624
http://doi.org/10.2478/forma-2013-0009
http://doi.org/10.2478/forma-2013-0009
http://doi.org/10.1016/j.ijar.2004.11.007
http://doi.org/10.1080/00207160.2010.499455

	Applications of δ-Open Sets via Separation Axioms, Covering Properties, and Rough Set Models
	1. Introduction
	2. Preliminaries
	3. δ-Separation Axioms
	4. Covering Properties Generated by δ-Open Sets
	5. Behaviors of δ-Separation Axioms and δ-Covering Properties via Some Topologies
	6. An Application of δ-Open Sets in Generating Information Systems
	7. Conclusions and Future Work
	Data Availability Statement
	Conflicts of Interest
	Funding
	Acknowledgments
	References




